Introduction
Local class field theory gives a complete description of all abelian extensions of a p-adic field K by establishing a one-to-one correspondence between the abelian extensions of K and the open subgroups of the unit group K * of K. We describe a method that, given a subgroup of K * of finite index, returns the corresponding abelian extension.
There are two classic approaches to the construction of abelian extensions: Kummer extensions and Lubin-Tate extensions. Kummer extensions are used in the construction of class fields over global fields [Fie99, Coh99] . The theory of Lubin-Tate extensions explicitly gives generating polynomials of class fields over p-adic fields including the Artin map.
The goal of this paper is to give an algorithm that constructs class fields as towers of extensions from below thus avoiding the computation of a larger class field and the determination of the right subfield. The wildly ramified part of a class field is constructed as a tower of extensions of degree p over the tamely ramified part of the class field.
Our approach allows the construction of class fields of larger degree than the approach with Lubin-Tate or Kummer extensions. Given a subgroup G of K * these methods provide a class field L H that corresponds to a subgroup H of G and that contains the class field corresponding to G. In general the degree of L H is very large and the computation of the corresponding subfield expensive. Our approach does not yield a construction of the Artin map though.
We start by recalling the structure of the unit groups of p-adic fields (section 2). In section 3 we state the main results of local class field theory and the explicit description of tamely ramified class fields. It follows that we can restrict our investigation to cyclic class fields of degree p m . We begin our investigation by constructing a minimal set of generating polynomials of all extensions of K of degree p (section 4). In section 5 we relate the coefficients of the polynomials generating extensions of degree p to the exponents of the generators of their norm groups. This yields an algorithm for computing class fields of degree p. Section 6 contains an algorithm for computing class fields of degree p m . In section 7 we give several examples of class fields.
Given a fixed prime number p, Q p denotes the completion of Q with respect to the p-adic valuation | · | = p −νp(·) , K is a finite extension of degree n over Q p complete with respect to the extension of | · | to K, and O K = {α ∈ K | |α| 1} is the valuation ring of K with maximal ideal p K = {α ∈ K | |α| < 1} = (π K ). The residue class field is defined by K := O K /p K and f = f K is the degree of K over the finite field with p elements F p . For γ ∈ O K the class γ + p K is denoted by γ. The ramification index of p K is denoted by e = e K and we recall that ef = n. By d K we denote the discriminant of K and by d ϕ the discriminant of a polynomial ϕ.
Units
It is well known that the group of units of a p-adic field K can be decomposed into a direct product
where ζ K ∈ K a (#K − 1)-th root of unity. The multiplicative group 1 + p K is called the group of principal units of K. If η ∈ 1 + p K is a principal unit with v p (η − 1) = λ we call λ the level of η.
A comprehensive treatment of the results presented in this section can be found in [Has80, chapter 15] . ∼ = K + , it follows that if η λ,1 , . . . , η λ,f K is a system of generators for the level λ < e K p−1 (for the level λ > e K p−1 ), then η p λ,1 , . . . , η p λ,f is a system of generators for the level pλ (for the level λ + e K ). If (p − 1) | e K the levels based on the level λ = e K p−1 need to be discussed separately.
We define the set of fundamental levels 
are a basis of the group of principal units 1 + p K .
If K contains the p-th roots of unity we need one additional generator: The latter result reduces the problem of constructing class fields to the construction of cyclic extensions whose compositum then is the class field. The construction of tamely ramified class fields, which is well known and explicit, is given below. In order to prove the existence theorem of local class field theory, it remains to prove the existence of cyclic, totally ramified class fields of degree p m (m ∈ N). We give this proof by constructing these fields (algorithm 6.1). The existence theorem for class fields of finite degree follows:
Tamely Ramified Class Fields. An extension L/K is called tamely ramified if p e L/K . Tamely ramified extensions are very well understood. It is well known that the results of local class field theory can be formulated explicitly for this case.
Constructing class fields over local fields
Denote by T the inertia field of L/K. There exists a primitive
The Galois group of L/K is generated by σ and τ :
by the map:
Wildly Ramified Class Fields. We have seen above that subgroups of π K correspond to unramified extensions and that subgroups of ζ K correspond to tamely ramified extensions. Subgroups of K * that do not contain all of 1 + p K correspond to wildly ramified extensions.
Lemma 3.4. Let L/K be an abelian and wildly ramified extension, that is,
Generating Polynomials of Ramified Extensions of Degree p
Let K be an extension of Q p of degree n = ef with ramification index e, prime ideal p, and inertia degree f . Set q :
In this section we present a canonical set of polynomials that generate all extensions of K of degree p. These were first determined by Amano [Ama71] using different methods. MacKenzie and Whaples [MW56, FV93] use p-adic Artin-Schreier polynomials in their description of extensions of degree p.
There are formulas [Kra66, PR01] for the number of extensions of a p-adic field of a given degree and discriminant given by: Theorem 4.1 (Krasner) . Let K be a finite extension of Q p , and let j = aN + b, where 0 b < N , be an integer satisfying Ore's conditions: Let j = ap + b satisfy Ore's conditions for ramified extensions of degree p then
We give a set of canonical generating polynomials for every extension in K p,j with j satisfying Ore's conditions. First, we recall Panayi's root finding algorithm [Pan95, PR01] which we apply in the proofs in this section. Second, we determine a set of canonical generating polynomials for pure extensions of degree p of a p-adic field, that is, for the case b = 0. Third, we give a set of canonical generating polynomials for extensions of degree p of discriminant p p+ap+b−1 , where b = 0, of a p-adic field.
Root finding.
We use the notation from [PR01] .
. Denote the minimum of the valuations of the coefficients of ϕ(x)
For α ∈ O K , denote its representative in the residue class field K by α, and for β ∈ K, denote a lift of β to O K by β.
In order to find a root of ϕ(x), we define two sequences (ϕ i (x)) i and (δ i ) i in the following way:
• set ϕ 0 (x) := ϕ # (x) and
If indeed ϕ(x) has a root (in O K ) congruent to β modulo p, then δ i is congruent to this root modulo increasing powers of p. At some point, one of the following cases must occur: While constructing this sequence it may happen that ϕ i (x) has more than one root. In this case we split the sequence and consider one sequence for each root. One shows that the algorithm terminates with either (a), (b), or (c) after at most ν K (dϕ) iterations.
Extensions of p-adic fields of discriminant p p+pe−1 . Let ζ be a (q − 1)-th root of unity and set R = (ρ 0 , . . . , ρ q−1 ) = (0, 1, ζ, ζ 2 , . . . , ζ q−2 ). The set R is a multiplicative system of representatives of K in K. 
is reducible, It is obvious that a pure extension can be Galois only if K contains the p-th roots of unity. We prepare for the proof with some auxiliary results.
is irreducible. Replacing kx by y we find that ψ k (y) = y p + cy − kd is irreducible over F q .
Lemma 4.4. Let
where ρ ct,r ∈ R, v pe/(p − 1), and δ ∈ O K . Let α 1 be a zero of ϕ 1 and α 2 be a zero of ϕ 2 in an algebraic closure of K.
, and
Proof. Let L 1 := K(α 1 ) and let p 1 denote the maximal ideal of L 1 .
(a) We use Panayi's root-finding algorithm to show that ϕ 2 (x) does not have any roots over K(α 1 ).
Let β i be a root of ϕ 
The minimal valuation of the coefficients of
As gcd(p, m) = 1 and m < pe/(p − 1), there exists u ∈ N such that the polynomial ϕ 1 iterations of the root-finding algorithm we obtain ϕ 2,v+2 (x) ≡ −α
is irreducible for k 1 = k 2 . Therefore, ϕ 2 (x) has no root in K(α 1 ) and ϕ 1 (x) and ϕ 2 (x) generate nonisomorphic extensions over K.
Proof of theorem 4.2. We will show that the number of extensions given by the polynomials ϕ(x) is greater then or equal to the number of extensions given by theorem 4.1. The number of elements in J is e (see section 2).
By lemma 4.4 (a), the roots of two polynomials generate non-isomorphic extensions if the coefficients ρ c i differ for at least one i ∈ J. For every i we have the choice among p f = q values for ρ c i . This gives q e polynomials generating non-isomorphic extensions.
If K does not contain the p-th roots of unity, then an extension generated by a root α of a polynomial ϕ(x) does not contain any of the other roots of ϕ(x). Hence the roots of each polynomial give p distinct extensions of K. Thus our set of polynomials generates all pq e extensions.
If K contains the p-th roots of unity, then lemma 4.4 (b) gives us p − 1 additional extensions for each of the polynomials from lemma 4.4 (a). Thus our set of polynomials generates all pq e extensions. 
Extensions of p-adic fields of discriminant
where ρ ∈ R and δ ∈ O K is chosen such that x p + (−1) ap+1 ζ s bx + δ is irreducible in K and 0 k < p. These extensions are Galois if and only if
Lemma 4.6. Let
where ρ t,r ∈ R, v ap+b p−1 , and δ t ∈ O K . Let α 1 be a zero of ϕ 1 and α 2 be a zero of ϕ 2 in an algebraic closure of K.
(b) If s 1 = s 2 and c 1,r = c 2,r for some r ∈ J then K(α 1 ) K(α 2 ).
(c) K(α 1 )/K is Galois if and only if
We use Panayi's root-finding algorithm to show that ϕ 2 (x) has no root over L 1 = K(α 1 ). As before, we get ϕ 2,1 (x) := ϕ 2 (α 1 x) ≡ π(−x p + 1). Therefore we set
Assume that the root-finding algorithm does not terminate with deg ϕ # 2,w = 0 for some 2 w u and let m be minimal with m < u < pe/(p − 1) and β m ≡ 0 mod (α). After u iterations of the root-finding algorithm, we have
Because u e, ν L 1 (p) = pe, and a < e, the minimal valuation of the coefficients of
Hence the root-finding algorithm terminates with ϕ 2,u+1 (x) ≡ (ζ s 2 − ζ s 1 )π a α b for some u in the range 2 u e.
(b) We show that ϕ 2 (x) does not have any roots over L 1 . As ϕ 2 (x) ≡ x p mod (π), we get ϕ 2,1 (x) := ϕ 2 (αx). Now ϕ # 2,1 (x) ≡ −x p + 1 and we set ϕ 2,2 (x) := ϕ 
with β m ≡ 0 mod (α 1 ).
The minimal valuation of the terms of
By the choice of J we have p (pa+b+m). Therefore, the root-finding algorithm terminates with ϕ 2,u (x) ≡ ζ s π a α b 1 bβ m α m for some u ∈ N.
(c) We show that ϕ 1 (x) splits completely over L 1 if and only if the conditions above are fulfilled. We set ϕ 1,1 (x) := ϕ 1 (α 1 x) and ϕ 1,2 (x) := ϕ # 1,1 (αx + 1). Thus
After u + 1 iterations we get
In the third case, ϕ # 1,u+1 (x) is linear and therefore ϕ 1 (x) has only one root over L 1 . In the second case,
Proof of theorem 4.5.
= a.
Using lemma 4.6 (a), we get p f −1 sets of generating polynomials. By lemma 4.6 (b), each of these sets contains p f a polynomials that generate nonisomorphic fields. Now either the roots of one of the polynomials generate p distinct extensions or the extension generated by any root is cyclic. In the latter case, we have p − 1 additional polynomials generating one extension each by lemma 4.6 (d). Thus we obtain (p f −1)p af +1 distinct extensions.
Number of Galois Extensions. The following result can also easily be deduced from class field theory. Proof. Let ϕ(x) be as in theorem 4.5. We denote the inertia degree and the ramification index of K by f and e, respectively. The number of values of s for which x p−1 − ζ s is reducible is (p f − 1)/(p − 1). By Ore's conditions, 0 a e. For every a < e, there is exactly one b with 1 b < p such that (p − 1) | (a + b). For every a, the set J contains a elements. This gives p f a combinations of values of c i , i ∈ J. We have p choices for k. Thus the number of polynomials ϕ(x) generating Galois extensions is
If K contains the p-the roots of unity, a = e also yields Galois extensions. By theorem 4.2, we obtain additional p(p f ) e = p n+1 extensions.
Ramified Abelian Extensions of Degree p
Let L/K be an abelian ramified extension of degree p. The ramification
The ramification number v is independent of the choice of σ. If ϕ is the minimal polynomial of π L , then
for the different of the extension. It follows from Ore's conditions (see Theorem 4.1) that either v = p 
See [FV93, section 1.4] for a proof. We use Newton's relations to investigate the norm group of abelian extensions of degree p.
Proposition 5.2 (Newton's relations). Let
The following describes explicitly where and how the jump in the norm group takes place (c.f. [FV93, section 1.5]).
Lemma 5.3. Let L/K be ramified abelian of degree p and let v denote the ramification number of
The kernel of the endomorphism
Proof. We have
K . Therefore β ≡ −ε p−1 mod p K and we conclude that 
Constructing class fields over local fields
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Next we investigate the relationship between the minimal polynomial of π L , a uniformizer of the field L, and the norm group N L/K (L * ). We start by choosing a suitable representation for subgroups of K * of index p. We begin with extensions of discriminant p p+e L/K −1 , which are Galois if and only if K contains the p-the roots of unity.
If K contains the p-th roots of unity then
T be a representation matrix of G. Let A be the row Hermite normal form of B. Then (ii) Let π t be a root of ϕ t . We write ϕ t = x p − γ t . The minimal polynomial of π λ t over K is x p − γ λ t . The characteristic polynomial of ωπ λ t is
Theorem 5.4. Assume that K contains the p-th roots of unity. Let
for some α ∈ O K * then for r w we obtain
(iii) Assume that c 1,r = c 2,r for all 1 r < w. For all r w − 1 we obtain
which implies a 1,v−r,i = a 2,v−r,i for all 1 r < w and 1 i f K .
(iv) If c 1,w = c 2,w for r = w we have
By (i), p (v − w) and as ν K (γ 2 ) = 1, it follows that a 1,w,i = a 2,w,i .
(v) There are p f choices for each ρ ct,r . On the corresponding level λ = v − r there are f generating principal units η λ,1 , . . . , η λ,1 with in total p f choices for the exponents a t,λ,1 , . . . , a t,λ,f . This shows the equivalence.
Since c 1,r = c 2,r for all r ∈ J, we have a 1,λ,i = a 2,λ,i for all λ ∈ F Lt , 1 i f . Thus k 1 = k 2 is equivalent to a 1,π = a 2,π .
If K does not contain the p-th roots of unity then
Let G be a subgroup of K * of index p and let A be the row Hermite normal form of the representation matrix of G. There are values λ 0 ∈ F K , 
Thus G can be generated as follows
Theorem 5.5. Let
be polynomials as in theorem 4.5 such that
If K contains the p-th roots of unity then η * is an additional generator of N(L * t ). Proof. We have seen that there exists v in F K and 1 i t f K such that a t,v,it = p for t = 1, 2.
Lt is chosen such that π σ−1 Lt
Lt . By lemma 5.3,
It follows from the proof of lemma 4.6(c) that modulo p K the unit ε t is congruent to one of the roots of ϕ
α has order p, the intersection of the kernels of ψ 1 and ψ 2 is {0}. Therefore there exists
In total this gives
p−1 combinations, the same number of choices as for the exponent s t .
We have seen in the proof of theorem 5.4 (a)(ii) that γ v−r 1 ≡ γ v−r 2 mod p v K for r w − 1. By Newton's relations (proposition 5.2) we see that Theorems 5.4 and 5.5 yield an algorithm for computing the class field L over an extension K of Q p corresponding to a subgroup G of K * of index p. The discriminant p p+ap+b−1 of the extension can be directly read off from the Hermite normal form of the transformation matrix from the generators of K * to the generators of G. After determining the exponent for ζ one has a first approximation of a generating polynomial of L:
Now the constant term can be determined by computing the coefficients of π, π 2 , . . . in its π-adic expansion step by step up to the coefficient of
The existence theorem for ramified extensions of degree p follows from the two theorems above by a counting argument. A change in a coefficient of the polynomial results in a change of an entry of the matrix. There are exactly p choices for the indeces c r of the coefficients of π, π 2 , . . . and for the entries a λ,i of the matrix. Likewise there are p choices for the coefficient k of the polynomials and the entry a π of the matrix. We obtain a oneto-one correspondence between generating polynomials of ramified normal extensions of degree p and the matrices representing their norm groups.
The existence theorem for unramified extensions of degree p is a special case of the existence theorem for tamely ramified extensions. 
Cyclic Totally Ramified Extensions of Degree p m
We construct the class field corresponding to a subgroup G ⊂ K * with K * /G cyclic of order p m as a tower of extensions of degree p. In each step we determine a class field L of degree p and then find the class field over L corresponding to the preimage of G under the norm map.
Norm Equations. Let L/K be a finite extension and let α ∈ K. We are looking for a solution β ∈ L * of the norm equation
of K * . We determine a solution β N L/K (β) = α by representing α by the generators of U given above. The set of all solutions is {β · γ | γ ∈ ker(N L/K )}.
We find the preimage of a subgroup A of N L/K (L * ) ⊂ K * in a similar way. We need to determine a subgroup B of L * such that N L/K (B) = A.
. Thus a solution of our problem is given by
Constructing Class Fields. Let G be a subgroup of K * with K * /G ∼ = (1+p K )/ G∩(1+p K ) cyclic and [K * : G] = p m . We describe an algorithm for constructing the class field over K corresponding to G.
Let η 1 ∈ K * be such that
is the unique subgroup of K * of index p with H 1 ⊃ G. We determine the class field L 1 /K corresponding to H 1 using the results of the previous section. Let
The Galois group of L 2 /K is either isomorphic to
1 and continue as above until we obtain L m /K, the class field corresponding to G.
As the Galois group of all subextensions of L m /K of degree p 2 is isomorphic to C p 2 , we obtain Gal Lm/K ∼ = C p m . This yields the existence theorem for cyclic class fields of degree p m . Algorithm 6.1 (Cyclic Class Fields of Degree p m ).
Input:
• Set G 1 := G and L 0 := K.
• For i from 1 to m:
Constructing class fields over local fields
The existence theorem of local class field theory for finite extensions (theorem 3.3) follows.
Example 6.3. Let G 1 = 3 × −1 × (1 + 3) 9 ⊂ Q * 3 . We compute the class field corresponding to G 1 as follows (from bottom to top):
a.
Examples
The methods presented above have been implemented in the computer algebra system Magma [BC95] and released with Magma 2.12. In the tables below we give cyclic class fields over Q p and some of their extensions for p ∈ 2, 3, 5, 7, 11, 13 of degree up to 343.
Let K be a finite extension of Q p with unit group
where a π , a ζ , a 1,1 . . . , a v−1,f are the entries in the relevant column of the Hermite normal form of the transformation matrix mapping the basis of K * to generators of the norm group N L/K (L * ) (compare the exposition before theorem 5.5). It is obvious that 0 a π < d, 0 a ζ < d, and 0 a λ,i < d for λ ∈ F K and 1 i f K/Qp . If d is a multiple of p we leave out a ζ = 0.
In some tables the class fields are parameterized by the a i,j . The a i,j in the naming scheme are always to be considered modulo d. Throughout this section we use {0, . . . , p − 1} as a set of representatives of Z p /(p). As we compute class fields as towers of extensions and in order to facilitate representation we give their generating polynomials over a suitable subfield that can be found in one of the other tables. We use π to denote a uniformizer of that ground field.
If K contains the p-th roots of unity we have the additional generator η * for K * and an additional entry a * in the transformation matrix.
Class Fields over Q 2 . There are six totally ramified class fields of degree 2 over Q 2 . The parameter k is equal to 0 or 1.
over generated by
2,2 /Q 2 2 · 3 k , 3 2 , 5 Q 2 x 2 + 2x + 2 + k · 4
2,3 /Q 2 2 · 5 k , 3, 5 2 Q 2 x 2 + 2 + k · 8 K (k+1,1) 2,3 /Q 2 2 · 5 k+1 , 3 · 5, 5 2 Q 2 x 2 + 2 + 4 + k · 8
The following table contains 2 of the class fields of degree 64 over Q 2 and its abelian subfields. The parameter k is equal to 0 or 1. Ramified Class Fields of Degree p over Q p for p odd. If p is an odd prime then Q * p = p, ζ, (1+p) where ζ is a (p−1)-th root of unity. Theorem 4.5 yields generating polynomials of totally ramified normal extensions of degree p over Q p :
where 0 k < p. Let K be the extension defined by a root of ϕ. The exponents of the generators of the norm groups follow immediately from the coefficients of the polynomial. We obtain N K/Qp (K * ) = p(1 + p) k , ζ, (1 + p) p .
Constructing class fields over local fields
649
Class Fields over Q 3 . We start with the class fields of degree 2 and 3 over Q 3 . The parameter k runs from 0 to 2.
over generated by K 2,0 /Q 3 3 2 , −1, 4 Q 3 x 2 + 1 K (0) 2,1 /Q 3 3, 1, 4
Q 3 x 2 + 3 K
(1) 2,1 /Q 3 −3, 1, 4
Q 3 x 2 − 3 K 3,0 /Q 3 3 3 , −1, 4 Q 3 x 3 + 2x + 1 K (k) 3,4 /Q 3 3·4 k , −1, 4 3 Q 3 x 3 + 2·3x 2 + 3 + k·3 2
There are 12 ramified class fields of degree 3 over K
2,1 . The fields L
3,6 , L x 3 + 2π 3 x 2 + π + lπ 4 + kπ 5
The three fields L (k+1,2,0) 3,10
for k = 0, 1, and 2 are cyclic over Q 3 . They appear
